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The vibrational properties of a face-centered cubic granular crystal of monodisperse particles are
predicted using a discrete model as well as two micropolar models, first the classical Cosserat and
second an enhanced Cosserat-type model, that properly takes into account all degrees of freedom
at the contacts between the particles. The continuum models are derived from the discrete model
via a micro-macro transition of the discrete relative displacements and particle rotations to the
respective continuum field variables. Next, only the long wavelength approximations of the models
are compared and, considering the discrete model as reference, the Cosserat model shows inconsistent
predictions of the bulk wave dispersion relations. This can be explained by an insufficient modeling
of sliding mode of particle interactions in the Cosserat model. An enhanced micropolar model
is proposed including only one new elastic tensor from the more complete second order gradient
micropolar theory. This enhanced micropolar model then involves the minimum number of elastic
constants to consistently predict the dispersion relations in the long wavelength limit.
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2I. INTRODUCTION
The classical theory of elasticity consists of a macroscopic material description. The material is not described at the
micro-level by considering the displacement of the different particles in interaction, but is described as a continuum
by considering macroscopic quantities as stress and strain. The classical elasticity theory can be viewed as a first
gradient of the displacement field approximation of solid state theory1 and is thus valid in the long wavelength limit
only. Granular media, due to their micro-inhomogeneous character, are not well described by the standard continuum
theory of elasticity. In contrast to classical continua, where the sizes of the vibrating atoms can be assumed to be
negligible compared to the macroscale, the sizes of the particles in a granular assembly are comparable to it2. In
addition, considering the sliding, twisting and rolling resistances at the level of the contacts between the particles, a
consistent description of the elasticity of a granular medium needs to take into account all the rotational degrees of
freedom of each individual particle and thus all the relative degrees of each pair.
Considering this, the elastic behaviors of crystalline structures of monodisperse beads can be efficiently described by
a discrete model, where the displacement and rotation of each individual bead are taken into account. One of the
major differences with classical elasticity is the existence of optical-type rotational-related modes of wave propagation.
Especially, the dispersion relations given by the discrete model of the bulk waves propagating in crystalline structures
of contacting monodisperse beads, without solid bridges between them, is consistent with experimental results3,4
in a hexagonal close-packed structure, and with numeric simulation results in a face-centered cubic structure5–7.
Nevertheless, the discrete model can be solved analytically only for well-know regular crystalline structures, the case
of a random assembly of beads can be done8,9 but is too complex for large systems. Moreover, due to diffraction
scattering and attenuation effects, even for a small level of randomness, only long wavelength waves will propagate in
a granular assembly10,11. More specifically, only the long wavelength waves can propagate in as a coherent ballistic
wave12–14. Considering that only the long wavelength waves will propagate in random assemblies, which differs
from the ideal crystalline case, and that their discrete modeling is too complex, a continuum formulation seems more
suitable. A continuum model is also relevant when considering the wave propagation in a granular assembly in contact
with an elastic solid15.
The generalization of the classical elasticity theory accounting for the rotational degrees of freedom of bodies is known
as the Cosserat theory16,17. But, from a direct comparison between the dispersion relations predicted with a discrete
model and with the ones of a Cosserat model, the latter does not predict correctly the dispersion relations of the
modes of propagation related to the rotational motion of the beads4. Similarly, the simulation results of a Couette
shear cell differ from the predictions of a Cosserat model18–21. Despite many theoretical efforts, the comparison
between experimental results and predictions from the Cosserat theory remains inconclusive; a consistent continuum
description of granular assemblies is still challenging, see22,23 and the references therein. As it will be shown below,
one of the interactions, or relative degrees of freedom, between the beads involving the rotational degrees of freedom
is not modeled properly leading to inconsistent results. The drawback of the Cosserat theory can be overcome
using a second-order gradient theory24–27. Nevertheless, the second-order gradient micropolar theory introduces three
new elastic tensors, which involve too many new elastic constants to represent a feasible alternative to the discrete
modeling.
In this work, after an identification of the drawbacks of the Cosserat model, we propose a model based on a continuum
formulation that correctly describes the wave propagation in granular media in the long wavelength limit. In Sec. II
and in order to get a reference for the comparison of the continuum models, the general theoretical evaluation of the
bulk wave propagation in a granular assembly using a discrete model, which follows the derivation in3, is presented.
The different interactions between the beads due to contact forces and torques are discussed. In Sec. III, the dispersion
relations of the bulk eigenmodes propagating in a Face-Centered Cubic (FCC) structure along the x-axis are derived
using the discrete model. The long wavelength approximations of the dispersion relations, which can be directly
compared with the predictions of the continuum models, are then derived. Two cases of contacts between the beads
are considered. In the first one, the contacts are considered without solid bridges between the beads and the surface
roughness is negligible; this case is called the frictional case corresponding to normal and sliding resistant contacts.
In the second one, the contacts between the beads are considered with solid bridges and this case is called the rolling
and twisting resistant case. In Sec. IV, the dispersion relations of the discrete model are compared to those obtained
trough numerical simulations of wave propagation in a FCC structure. In Sec. V, the macroscopic continuum models
are derived from the microscopic relations of the discrete model following the homogenization techniques proposed
in25,26. In Sec. VI, the dispersion relations of the bulk eigenmodes in a FCC structure are derived with the Cosserat
model. The problems and drawbacks of this model are then discussed. Finally in Sec. VII, the enhanced micropolar
model is presented and it is shown that its approximations for small wavenumber are exactly equal to those of the
discrete model in both frictional, rolling and twisting resistant cases.
3II. DESCRIPTION OF THE PROBLEM, STARTING FROM THE DISCRETE THEORY
An assembly of monodisperse beads is considered, all of them being composed by the same material. The diameter
of the beads is a, the mass density of the material constituting the beads is ρb, its Poisson’s ratio is ν. The mass
of one bead with homogeneous density is mb = piρba
3/6, its moment of inertia is Ib = mba
2/10. The problem is
considered in Cartesian coordinates with unit vectors (xˆ, yˆ, zˆ). The position of a bead α is defined by the vector Rα.
A local coordinate system (n, s, t) at the level of the surface of contact between two beads is defined: The unit vector
n, normal to the surface of contact between two beads α and β, is defined as3,28,29
n = (Rβ −Rα)/|Rβ −Rα| = cosφxˆ+ sinφ cos θyˆ+ sinφ sin θzˆ ' (Rβ −Rα)/a, (1)
where it is assumed that the static and dynamic overlaps between the particles are negligible compared to their
diameter, φ = arccos(n · xˆ), θ = arccos(n · yˆ/ sinφ) if φ 6= 0 and θ = 0 if φ = 028. The two unit vectors s and t, which
are in the contact plane, are defined as
s = ∂n/∂φ = − sinφxˆ+ cosφ cos θyˆ+ cosφ sin θzˆ,
t = n× s = − sin θyˆ+ cos θzˆ. (2)
The infinitesimal displacement of bead α is uα, its infinitesimal angular rotation is wα. The dispersion relations are
deduced below from the equations of motion for translation
mb
∂2uα
∂t2
=
∑
β
Fβα, (3)
and rotation
Ib
∂2wα
∂t2
=
∑
β
Mβα +
1
2
∑
β
Dβα × Fβα, (4)
where the summation is over all the beads β in contact with the bead α and the branch vector is
Dβα = Rβ −Rα. (5)
The direct use of the branch vector in Eq. (5) in the equation of motion for rotation in Eq. (4) is only valid in the
case of monodisperse beads, i.e., |Rβ | = |Rα|, see25,28–30 for more general formulations. From the linearization of the
Hertz-Mindlin contact model between two beads, the contact interactions can be modeled by using a normal and a
shear stiffness KN and KS , respectively
31–34. It should be noticed that this excludes all the nonlinear effects from
the analysis35,36. In the case where all the monodisperse beads are composed by the same material, the ratio of shear
to normal stiffness is given by ∆K = KS/KN = 2(1− ν)/(2− ν). Since the overlap of the beads in contact is small,
also the diameter of the surface of contact d is assumed to be small compared the diameter of the beads, e.g. d a.
Considering the projections on the x, y, z axis of the force applied by bead β on bead α as3,25
F βαi = KNninj(u
β
j − uαj ) +KS(sisj + titj)
[
uβj − uαj +
1
2
εjklD
βα
k (w
β
l + w
α
l )
]
=
[
KNninj +KS(sisj + titj)
][
uβj − uαj +
1
2
εjklD
βα
k (w
β
l + w
α
l )
]
= Kβαij δ
βα
j , (6)
where Kβαij = KNninj + KS(sisj + titj) and δ
βα
j = u
β
j − uαj + εjklDβαk (wβl + wαl )/2 are the stiffness matrix and the
relative displacement, respectively, and εijk is the permutation symbol.
While the unit of the siffness constants KN and KS is the Newton per meter (N/m), the bending stiffness GB and
the torsion stiffness GT of the contact are considered here as linear stiffness constants and have the unit Newton
meter per radians (Nm/rad) and they include a length squared, i.e., GT = KTa
2 and GB = KBa
2. A contact model
including rolling (or bending) and twisting (or torsion) resistances in agreement with experimental results is beyond
the scope of this paper, see30,37,38 for more details. From the equivalent bending stiffness GB and torsion stiffness GT
of the contact, the torque applied by bead β on bead α is
Mβαi = GTninj(w
β
j − wαj ) +GB(sisj + titj)(wβj − wαj ),
=
[
GTninj +GB(sisj + titj)
](
wβj − wαj
)
= Gβαij θ
βα
j , (7)
4where Gβαij = GTninj + GB(sisj + titj) and θ
βα
j = w
β
j − wαj are the rotational stiffness matrix and the relative
rotation, respectively. From Eqs. (6) and (7), it is possible to sketch the degrees of freedom involved in the different
interactions as displayed in Fig. 1. The terms depending on uβj − uαj are the classical translational normal and shear
interactions, which come from the normal and sliding resistance, respectively. The terms depending on wβj − wαj are
FIG. 1. (Color online) Sketch of the interactions (relative degrees of freedom) between two beads: a) due to normal resistance,
b) due to sliding resistance, c) due to rolling resistance and d) due to twisting (or torsion) resistance.
the moment interactions, which are related to the torsion (or twisting) resistance parallel to the vector n and the
rolling resistance in the plane composed by the vectors s and t. The term depending on wβl + w
α
l is the rotational
contribution to the translational surface shear displacement, which activates the sliding resistance. The bead rotation
is here transformed into a relative displacement in the plane of the surfaces of the spheres through a vectorial cross
product. Considering a frictional assembly without solid bridges between the beads, with a negligible roughness of
the contact surface, and due to the small size of the contact surface between the beads, the equivalent bending and
twisting stiffness are assumed to be negligible, e.g. Gb = Gt ' 0, leading to Mβαi ' 0. The bending and the twisting
stiffness become non negligible in a rolling and twisting resistant assembly.
III. DISPERSION RELATIONS IN THE FCC STRUCTURE IN THE x = x1 DIRECTION
This section is dedicated to the discrete model and its long wavelength limit.
The FCC structure is a vertical packing of hexagonal contacting layers A, B and C, which are in the closest position
related to each other in an ABCABC... sequence. It can also be seen as a vertical packing of cubic contacting layers
A and B, which are in the closest position related to each other, in an ABAB... sequence1. Without loss of generality,
the x = x1 axis is chosen to be perpendicular to the cubic layers, the y = x2 and z = x3 axes are in the plane and
along the cubic layers. The position of the beads can be found using integer indices α1, α2 and α3 with
Rα1,α2,α3 = a[α1xˆ/
√
2 + (α2 + α1/2)yˆ+ (α3 + α1/2)zˆ]. (8)
The FCC structure is transversely isotropic in the plane perpendicular to the x direction. With Eqs. (3)-(7) and after
a plane wave substitution u = Uei(ωt−k·x) and w = Wei(ωt−k·x), the dynamical matrix is built. Its eigenvalues give
the dispersion relations of the bulk modes that propagates within the crystal with their corresponding eigenvectors
X = (Ux, Uy, Uz,Wx,Wy,Wz).
A. Frictional case
Considering only the stiffnesses KN and KS and the wave vector k in the x direction, a pure longitudinal L mode
propagates, whose eigenvector is X = (Ux, 0, 0, 0, 0, 0) and has the dispersion relation
ω2L =
8
mb
(KN +KS) sin
2 κ, (9)
where κ = kxa/(2
√
2) is the normalized wavenumber, κ = pi/2 is the minimal wavelength propagating. A pure
rotational mode R exists, whose eigenvector is X = (0, 0, 0,Wx, 0, 0) and has the dispersion relation
ω2R =
20KS
mb
[
1 + cos2 κ
]
. (10)
5Two degenerate Transverse-Rotational (TR) and two degenerate Rotational-Transverse (RT) modes propagate, whose
eigenvectors are X = (0, Uy, 0, 0, 0,Wz) and X = (0, 0, Uz, 0,Wy, 0) and have the dispersion relation
ω2TR,RT =
1
mb
{
2KN sin
2 κ+ 9KS cos
2 κ+ 11KS
±
[
4K2N sin
4 κ+ cos2 κ(399K2S − 4KNKS)
− sin2(2κ)(121K2S/4 + 21KNKS) +K2S + 4KNKS
]1/2}
, (11)
where the minus and plus signs correspond to the TR and RT modes, respectively. The small wavelength cut-off
frequencies of all the modes for κ = pi/2 are
ωcL =
√
8(KN +KS)
mb
=
√
42(KS +KN )
piρba3
, (12)
ωcR =
√
20KS
mb
=
√
120KS
piρba3
, (13)
ωcRT = 2
√
KN + 3KS
mb
= 2
√
6KN + 18KS
piρba3
, (14)
ωcTR =
√
10KS
mb
=
√
60KS
piρba3
. (15)
The cut-off frequencies of the modes R and RT for κ = 0 are
ωRT,R(0) =
√
40KS
mb
=
√
240KS
piρba3
. (16)
It should be noticed that ωRT (0) = ωRT (κ = pi/2) if KS = KN/7, but ωRT is not constant between these two points;
the mode RT still propagates in this case.
For long wavelength (small wavenumber κ = kxa/(2
√
2)  pi/2), approximations of the dispersion relations can be
found from a Taylor expansion
ωL '
√
KN +KS
mb
kxa =
√
6(KN +KS)
piρba
kx, (17)
ωTR '
√
KN +KS
2mb
kxa =
√
3(KN +KS)
piρba
kx, (18)
ωRT '
√
40KS
mb
(
1− 11
320
k2xa
2
)
=
√
240KS
piρba3
(
1− 11
320
k2xa
2
)
, (19)
ωR '
√
40KS
mb
(
1− 10
320
k2xa
2
)
=
√
240KS
piρba3
(
1− 10
320
k2xa
2
)
. (20)
The scaled dispersion relations and their approximations are displayed in Fig. 2 along the segment Γ−X of the first
Brillouin zone. The coordinates of the points Γ and X are Γ = (0, 0, 0) and X= (pi
√
2/a, 0, 0) in the (kx, ky, kz)-space.
Modelling the contacts with a relation from the Hertz-Mindlin theory, the curves are determined only by the ratio of
shear to longitudinal stiffness ∆K , which only depends on the Poisson’s ratio of the material constituting the beads
3.
B. Rolling and twisting resistant case
Considering all the stiffnesses KN , KS , GT , GB and the wave vector k in the x direction, a longitudinal mode L
propagates, whose eigenvector is X = (Ux, 0, 0, 0, 0, 0) and has the dispersion relation
ω2L =
8
mb
(KN +KS) sin
2 κ, (21)
6FIG. 2. (Color online) Dispersion curves in the x direction of the frictional FCC structure from the discrete model (black
curves) and their approximations (red dashed curves) with ν = 0.3, i.e. ∆K ' 0.82. The cyclic frequencies are normalized with
the cutoff frequency of the longitudinal mode ωcL.
which is identical to the dispersion relation in Eq. (9) as expected. A pure rotational mode R exists, whose eigenvector
is X = (0, 0, 0,Wx, 0, 0) and has the dispersion relation
ω2R =
20KS
mb
[
1 + cos2 κ
]
+
80(GT +GB)
mba2
sin2 κ. (22)
Two degenerate transverse-rotational TR and two degenerate rotational-transverse RT modes propagate, whose eigen-
vectors are X = (0, Uy, 0, 0, 0,Wz) and X = (0, 0, Uz, 0,Wy, 0) and have the dispersion relation
ω2TR,RT =
1
mb
{(
60GB + 20GT
a2
+ 2KN
)
sin2 κ+ 9KS cos
2 κ+ 11KS
±
[
4
(
900G2B + 100G
2
T
a4
+K2N −
60KNGB
a2
+
600GTGB
a4
− 20KNGT
a2
)
sin4 κ
+ KS
(
630GB + 210GT
a2
− 21KN
)
sin2(2κ) + 4KS
(
KN − 30GB + 10GT
a2
)
sin2 κ
+
K2S
4
(
121 cos2(2κ) + 798 cos(2κ) + 681
)]1/2}
, (23)
where the minus and plus signs correspond to the TR and RT mode, respectively. The cutoff frequencies of all the
modes for κ = pi/2 can then be predicted as
ωcL =
√
8
KN +KS
mb
=
√
42
KS +KN
piρba3
, (24)
ωcR =
√
20
KS + 4(GT +GB)/a2
mb
=
√
120
KS + 4(GT +GB)/a2
piρba3
, (25)
ωcTR,RT =
√
10
KSa2 + 12GB + 4GT
a2mb
=
√
60
KS + (12GB + 4GT )/a2
piρba3
, (26)
ωcTR,RT = 2
√
KN + 3KS
mb
= 2
√
6
KN + 3KS
piρba3
. (27)
If κ = pi/2, Eq. (23) reduces to Eqs. (26) or (27) without distinction whether the sign considered is plus or minus. To
discriminate between the two cutoff frequencies, the repulsion property between the mode TR and RT may be used.
If Eq. (26)>Eq. (27), then Eq. (26) is the cutoff frequency of the mode RT and vice versa. The cutoff frequencies of
7the modes R and RT for κ = 0 can then be predicted as
ωRT,R(0) =
√
40KS
mb
=
√
240KS
piρba3
. (28)
For long wavelength (small wavenumber κ = kxa/(2
√
2)  pi/2), the approximations of the dispersion relations can
be found from a Taylor expansion
ωL '
√
KN +KS
mb
kxa =
√
6(KN +KS)
piρba
kx, (29)
ωTR '
√
KN +KS
2mb
kxa =
√
3(KN +KS)
piρba
kx, (30)
ωRT '
√
40KS
mb
(
1 +
3GB +GT
16KS
k2x −
11a2
320
k2x
)
=
√
240KS
piρba3
(
1 +
3GB +GT
16KS
k2x −
11a2
320
k2x
)
, (31)
ωR '
√
40KS
mb
(
1 +
GB +GT
8KS
k2x −
10a2
320
k2x
)
=
√
240KS
piρba3
(
1 +
GB +GT
8KS
k2x −
10a2
320
k2x
)
. (32)
In the rolling and twisting resistant case, the dispersion curves depend on the 4 stiffness KN , KS , GT , GB and the
diameter of the beads a. In Fig. 3, the dispersion relations and their approximations are displayed in two different
cases. In the first one, the cutoff frequencies of the modes R and RT at κ = pi/2 are smaller than the ones at κ = 0.
In the second case, the situation is opposite.
FIG. 3. (Color online) Dispersion curves in the x direction of the rolling and twisting resistant FCC structure from the discrete
model (black continuous curves), their approximations (red dotted curves) and the dispersion curves of the frictional FCC
structure from the discrete model (blue dashed curves) with ∆K = KS/KN ' 0.82 and a = 2 mm. (a) GB = KNa2/10 and
GT = KSa
2/10. (b) GB = KNa
2 and GT = KSa
2. The cyclic frequencies are normalized with the cut-off frequency of the
longitudinal mode ωcL. The rotational stiffnesses GB and GT are inspired by
37.
In conclusion of this section, the long wavelength approximation of the discrete model is derived in the frictional
(sliding resistant) case in Eqs. (17)-(20) and in the rolling and twisting resistant case in Eqs. (29)-(32). These
equations are considered as references in the comparison with the continuum models that are derived in the following
sections.
8IV. NUMERICAL WAVE PROPAGATION
In this section, in order to validate the theoretical predictions of the discrete model, the wave propagation is
numerically simulated5 with a packing arranged in a FCC structure of equal sized beads. The crystal is formed by
square cubic layers of 4× 4 particles in the y − z plane, which are stacked in the closest position to each other in the
x direction in an ABAB... sequence, where the B layers are shifted in the y − z plane to be able to fill the deepest
holes in the A layers. The crystal is composed of 200 layers, giving a total of 3200 beads, while periodic boundary
conditions are considered in all directions. The beads have a diameter a = 2 mm and are composed of glass with a
mass density ρb = 2000 kg.m
−3, a Young modulus E = 69 GPa, and a Poisson’s ratio ν = 0.3. The normal static
force applied on each contact in the initial configuration is F 0N = 2.10
−3 N, which, according to the Hertz law3,31–34
where
KN = (3aF
0
N/8)
1
3E
2
3 (1− ν2)− 23 , (33)
and
δ0 = 2
[
3
4
(1− ν2)F 0N
E
√
a/2
]2/3
, (34)
gives a normal stifness KN = 2.051.10
5 N.m−1 and an initial inter-particle relative displacement δ0 = 1.463.10−8 m.
The wave is excited on a single layer (here, the second layer) by imposing, depending on the mode to excite, a velocity,
a rotation angle and a rotation/angular velocity. To excite the L mode (planar compressive P-wave) of propagation
in x-direction, all the particles in the second layer get a (small) velocity v0x. In contrast, to excite the TR and RT
modes (shear-, or S-waves) of propagation in x-direction, all the particles in the second layer get a (small) velocity
v0y or v
0
z . Finally, to excite the R mode, all the particles of the second layer get a rotation/angular velocity w
0
x and a
rotation angle q0x, both parallel to the x direction of propagation. The dispersion relations are found by computing a
two-dimensional Fast Fourier Transform (FFT) in time and space using the velocities and angles per layer, sampled
in space at every layer and in time at every ∆t = 10−6 s with 2048 points.
FIG. 4. (Color online) Dispersion relations from numerical wave propagation in the FCC structure with normal stiffness
KN = 2.051.10
5 N.m−1 and tangential stiffness KS = ∆KKN = 1.689.105 N.m−1, i.e. ∆K ≈ 0.82, where the inset shows the
magnitude of the two-dimensional FFT in a logscale with arbitrary reference. The dispersion relations from the discrete mode
(dahsed green curves) correspond to the solid lines in Fig. 2, with activated (a) L mode, (b) TR and RT modes, and (c) R
mode. Note that in contrast to Fig. 2, the vertical axis is not scaled.
The dispersion relations for the ”frictional” case with tangential stiffness? are plotted in Fig. 4. Depending on
the different types of excitation, the dispersion relations reflect the respective modes and the numerical simulations
correspond exactly to those of all the modes predicted by the discrete model.
The dispersion relations of the TR and RT modes in the rolling and twisting resistant case are plotted in Fig.
5 and also show and confirm the good agreement between the numerical simulation results and the predictions of
the discrete model. It should be noticed that the complete dispersion curves are found from one single numerical
simulation, since the agitation is a discontinuous change in velocity and thus activates all frequencies, which leads to
a very clean signal for the perfect granular crystal structure used here. The introduction of, even weak, polydispersity
in the diameters of the beads affects the wave propagation and, as a result, only the small wave number part of the
dispersion relation (long wavelengths) can be retrieved10.
9FIG. 5. (Color online) Dispersion relations from numerical wave propagation in the rolling and twisting resistant FCC structure
with KN = 2.051.10
5 N.m−1, KS = ∆KKN = 1.689.105 N.m−1, GB = KNa2/10 = 8.20.10−2 N.m/rad and GT = KSa2/10 =
6.76.10−2 N.m/rad, with the magnitude of the two-dimensional FFT in logscale with arbitrary reference. Dispersion relations
(green curves) from the discrete model correspond to the solid lines in Fig. 3. Only the TR and RT modes are shown. The
dispersion relation of the L mode is identical to the one of the frictional case. The R mode is very slowly propagating (almost
flat dispersion curve in this case) and requires a much longer time of simulation.
In summary, these simulations confirm/validate the discrete model, on which we continue by simplifying and trying
to identify a simpler model for large wavelengths.
V. FROM THE DISCRETE DESCRIPTION TO THE CONTINUUM DESCRIPTION
In this section, the macroscopic stress and couple stress tensors are derived through a micro-macro transition of the
applied force and torque between two beads of the discrete model in Eqs. (6) and (7). It follows the derivations in25.
In Sec. V A, the discrete displacements and rotations are transformed into continuum fields. The order of the Taylor
expansion is chosen to derived a second-order gradient micropolar model. In Sec. V B, the displacement gradient is
inserted into the force equation in Eq. (6). In Sec. V C, the particle rotation is inserted into the torque equation
in Eq. (7). In Sec. V D, the Cauchy stress tensor is derived. In Sec. V E, the couple stress tensor is derived. The
Cauchy stress and the couple stress tensors form the constitutive equation of the second-order gradient micropolar
model. Finally in Sec. V F, the constitutive equations of the classical, second-order gradient and Cosserat model of
elasticity are retrieved from the second-order gradient micropolar model by setting some of the tensors of this latter
model to zero.
A. Expansion of the displacement and angular rotation
The discrete displacements and rotations are transformed into continuum fields using a Taylor expansion (the choice
of the order of the expansion will be explained below)
uβi = u
α
i +D
βα
j
∂uαi
∂xj
+
1
2
Dβαj D
βα
k
∂2uαi
∂xj∂xk
+
1
6
Dβαj D
βα
k D
βα
l
∂3uαi
∂xj∂xk∂xl
+ · · ·
wβi = w
α
i +D
βα
j
∂wαi
∂xj
+
1
2
Dβαj D
βα
k
∂2wαi
∂xj∂xk
+ · · · (35)
The displacement gradient ∂uαi /∂xj = u
α
〈i,j〉+u
α
[i,j] can be decomposed into its symmetric part (which is the classical
strain)
uα〈i,j〉 = 
α
ij = 
α
ji =
1
2
(
∂uαi
∂xj
+
∂uαj
∂xi
)
, (36)
10
and its antisymmetric part
uα[i,j] = −uα[j,i] =
1
2
(
∂uαi
∂xj
− ∂u
α
j
∂xi
)
. (37)
The particle rotation
wαi = Π
α
i + Γ
α
i (38)
is composed of two components, the particle spin Παi and the vorticity Γ
α
i . The particle spin is independent of
the displacement field, whereas the vorticity is completely generated by the antisymmetric part of the displacement
gradient according to
Γαi = −
1
2
εijku
α
[j,k] (39)
and reciprocally
uα[i,j] = −εijkΓαk . (40)
The vorticity is here the local rotation of the assembly of particles, i.e., the rigid body rotation or the background
rotation. In order to have the same order c of derivatives in the model, the order of derivative of u should be one
order higher than the order of derivative of w as {c, c− 1} as detailed in25. In order to get the second-order gradient
micropolar constitutive equations, the order of derivatives is chosen to be {3, 2}.
B. Relative displacement and applied force
Putting Eq. (35) in the relative displacement δβαi in Eq. (6), yields
δβαi = D
βα
j
∂uαi
∂xj
+
1
2
Dβαj D
βα
k
∂2uαi
∂xj∂xk
+
1
6
Dβαj D
βα
k D
βα
l
∂3uαi
∂xj∂xk∂xl
+
1
2
εijkD
βα
j (2w
α
k +D
βα
l
∂wαk
∂xl
+
1
2
Dβαl D
βα
p
∂2wαk
∂xl∂xp
). (41)
Inserting the identities (37) and (38), Eq. (41) becomes
δβαi = D
βα
j (
α
ij + u
α
[i,j]) +
1
2
Dβαj D
βα
k
(
∂αij
∂xk
+
∂uα[i,j]
∂xk
)
+
1
6
Dβαj D
βα
k D
βα
l
(
∂2αij
∂xk∂xl
+
∂2uα[i,j]
∂xk∂xl
)
+
1
2
εijkD
βα
j
[
2(Παk + Γ
α
k ) +D
βα
l
(
∂Παk
∂xl
+
∂Γαk
∂xl
)
+
1
2
Dβαl D
βα
p
(
∂2Παk
∂xl∂xp
+
∂2Γαk
∂xl∂xp
)]
.
(42)
With the help of Eqs. (39) and (40), it becomes
δβαi = D
βα
j 
α
ij +
1
2
Dβαj D
βα
k
∂αij
∂xk
+
1
6
Dβαj D
βα
k D
βα
l
∂2αij
∂xk∂xl
− 1
12
Dβαj D
βα
k D
βα
l
∂2uα[i,j]
∂xk∂xl
+
1
2
εijkD
βα
j
[
2Παk +D
βα
l
∂Παk
∂xl
+
1
2
Dβαl D
βα
p
∂2Παk
∂xl∂xp
]
. (43)
From Eqs. (43) and (6), the force applied by a bead β on a bead α is written as
F βαi = K
βα
ij δ
βα
j = K
βα
ij D
βα
k 
α
jk +
1
2
Kβαij D
βα
k D
βα
l
∂αjk
∂xl
+
1
6
Kβαij D
βα
k D
βα
l D
βα
m
∂2αkj
∂xl∂xm
− 1
12
Kβαij D
βα
k D
βα
l D
βα
m
∂2uα[j,k]
∂xl∂xm
+Kβαij εjklD
βα
k Π
α
k +
1
2
Kβαij εjklD
βα
k D
βα
m
∂Παl
∂xm
+
1
4
Kβαij εjklD
βα
k D
βα
m D
βα
p
∂2Παl
∂xm∂xp
. (44)
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C. Relative angular rotation and applied torque
Inserting Eq. (35) in the relative angular rotation θβαj in Eq. (7), the relative angular rotation becomes
θβαi = D
βα
k
∂wαj
∂xk
+
1
2
Dβαk D
βα
l
∂2wαj
∂xk∂xl
. (45)
Inserting Eqs. (38) and (39) in Eq. (45), the applied torque in Eq. (7) becomes
Mβαi = Gij
(
Dβαk
∂Παj
∂xk
+
1
2
Dβαk D
βα
l
∂2Παj
∂xk∂xl
+
1
2
jnmD
βα
k
∂uα[m,n]
∂xk
+
1
4
jnmD
βα
k D
βα
l
∂2uα[m,n]
∂xk∂xl
)
.
(46)
D. Cauchy stress tensor
The Cauchy stress tensor for a particle α in contact with N other particles β can be written as25
σij =
1
Vcell
N∑
β=1
F βαj D
βα
i , (47)
where Vcell is the volume of the unit cell which is composed of two beads, see Sec. VI. Combining Eqs. (44) and (47),
the stress tensor can be expressed as
σhi =
1
Vcell
N∑
β=1
[
Kβαij D
βα
k D
βα
h 
α
jk +
1
2
Kβαij D
βα
k D
βα
l D
βα
h
∂αjk
∂xl
+
1
6
Kβαij D
βα
k D
βα
l D
βα
m D
βα
h
∂2αkj
∂xl∂xm
− 1
12
Kβαij D
βα
k D
βα
l D
βα
m D
βα
h
∂2uα[j,k]
∂xl∂xm
+Kβαij εjklD
βα
k D
βα
h Π
α
k +
1
2
Kβαij εjklD
βα
k D
βα
m D
βα
h
∂Παl
∂xm
+
1
4
Kβαij εjklD
βα
k D
βα
m D
βα
p D
βα
h
∂2Παl
∂xm∂xp
]
,
σij = Cijklkl +Dijklm
∂kl
∂xm
+ Eijklmn
∂2kl
∂xm∂xn
+ Fijklmn
∂2u[k,l]
∂xm∂xn
+ MijmΠm +Nijmp
∂Πm
∂xp
+ Pijmpq
∂2Πm
∂xp∂xq
. (48)
The constitutive tensors are therefore defined as
Cijkl =
1
Vcell
N∑
β=1
Kβαjk D
βα
l D
βα
i , (49)
Dijklm =
1
2Vcell
N∑
β=1
Kβαjk D
βα
l D
βα
m D
βα
i , (50)
Eijklmn =
1
6Vcell
N∑
β=1
Kβαjk D
βα
l D
βα
m D
βα
n D
βα
i , (51)
Fijklmn = − 1
12Vcell
N∑
β=1
Kβαjk D
βα
l D
βα
m D
βα
n D
βα
i , (52)
Mijm =
1
Vcell
N∑
β=1
Kβαjk εklmD
βα
l D
βα
i , (53)
Nijmp =
1
2Vcell
N∑
β=1
Kβαjk εklmD
βα
l D
βα
p D
βα
i , (54)
Pijmpq =
1
4Vcell
N∑
β=1
Kβαjk εklmD
βα
l D
βα
p D
βα
q D
βα
i . (55)
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For a statistically homogeneous material, which is assumed to be the case for granular materials, the constitutive
tensors have to be centrally symmetrical25,27,29,39; the tensor should have an even order. The tensors Dijklm and
Nijkl do not behave centrally symmetrical, thus we set Dijklm = Nijkl = 0, so that the stress tensor reduces to
σij = Cijklkl + Eijklmn
∂2kl
∂xm∂xn
+ Fijklmn
∂2u[k,l]
∂xm∂xn
+MijmΠm + Pijmpq
∂2Πm
∂xp∂xq
. (56)
The different elements of this stress tensor can be related to the different interactions between the grains. The tensors
Cijkl and Eijklmn are related to the classical translational normal and shear interactions with the first order and
second order gradient of displacement, respectively. The tensor Fijklmn is related to the gradient of vorticity that
participate to the rotational contribution to the translational surface shear interaction through the sliding resistance,
i.e., the rotation activate the shear stiffness KS . The tensors Mijm and Pijmpq are related to the particle rotation
interaction with the first order and second order gradient rotation, respectively, and participate to the rotational
contribution to the translational surface shear interaction through the sliding resistance.
E. Couple stress tensor
Following the reasoning of the Cauchy stress tensor, the couple stress tensor can be written as25
µij =
1
Vcell
N∑
β=1
Mβαj D
βα
i . (57)
Combining Eqs. (46) and (57), the couple stress tensor is expressed as
µij =
1
Vcell
N∑
β=1
[
GjkD
βα
l D
βα
i
∂Παk
∂xl
+
1
2
GjkD
βα
l D
βα
p D
βα
i
∂2Παk
∂xl∂xp
+
1
2
GjkknmD
βα
l D
βα
i
∂uα[m,n]
∂xl
+
1
4
GjkknmD
βα
l D
βα
p D
βα
i
∂2uα[m,n]
∂xl∂xp
]
, (58)
= Qijkl
∂Πk
∂xl
+Rijklp
∂2Πk
∂xl∂xp
+ Sijnml
∂u[m,n]
∂xl
+ Tijnmlp
∂u[m,n]
∂xl∂xp
. (59)
The constitutive tensors are therefore defined with
Qijkl =
1
Vcell
N∑
β=1
GjkD
βα
l D
βα
i , (60)
Rijklp =
1
2Vcell
N∑
β=1
GjkD
βα
l D
βα
p D
βα
i , (61)
Sijnml =
1
2Vcell
N∑
β=1
GjkknmD
βα
l D
βα
i , (62)
Tijnmlp =
1
4Vcell
N∑
β=1
GjkknmD
βα
l D
βα
p D
βα
i . (63)
Similarly to the case of the tensors Dijklm and Nijkl, the tensors Rijklp and Tijnmlp do not behave centrally symmet-
rical, thus Rijklp = Tijnmlp = 0. The couple stress tensor then becomes
µij = Qijkl
∂Πk
∂xl
+ Sijnml
∂u[m,n]
∂xl
. (64)
The tensor Qijkl is related to the particle rotation interaction that activates both twisting and rolling resistances.
The tensor Sijnml is related to the gradient of vorticity and also activates both twisting and rolling resistances.
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F. Relation between the classical, second order gradient and Cosserat models
The stress tensor in Eq. (56) and the couple stress tensor in Eq. (64) can be compared to those of others elastic
models. The tensor Cijkl refers to the classical elastic tensor. In order to take into account all the symmetries of the
tensor of deformation, the tensor Cijkl can be determined with
1
Cijkl =
1
4Vcell
N∑
β=1
Kβαjk D
βα
l D
βα
i +K
βα
ik D
βα
l D
βα
j +K
βα
jl D
βα
k D
βα
i +K
βα
il D
βα
k D
βα
j . (65)
By exluding the rotational degrees of freedom from the analysis, the tensors Mijm, Pijmpq, Qijkl and Sijmnl are then
set to zero, the couple stress tensor vanishes and the stress tensor reduces to
σij = Cijklkl + Eijklmn
∂2kl
∂xm∂xn
+ Fijklmn
∂2u[k,l]
∂xm∂xn
, (66)
which is similar to the second-order gradient model25,29.
By keeping only the first-order gradient in the analysis, which restricts the order of derivatives of u and w to {2, 1},
the tensors Eijklmn, Fijklmn and Pijmpq are then set to zero. The stress tensor and the couple stress tensor then
reduce to
σij = Cijklkl +MijmΠm, (67)
µij = Qijkl
∂Πk
∂xl
+ Sijnml
∂u[m,n]
∂xl
, (68)
which are the constitutive relations of the Cosserat model.
An important point is lying here. Considering the frictional case, where GB = GT = 0, the couple stress tensor is then
excluded from the analysis, i.e., µij = 0. The stress tensor in Eq. (67) can be found using the following expansion of
the discrete displacements and rotations
uβi = u
α
i +D
βα
j
∂uαi
∂xj
, wβi = w
α
i , (69)
which restricts the order of derivatives of u and w to {1, 0}. Thus, the Cosserat model does not contain a derivative
over space coordinates in the rotational contribution to translational shear interaction in the stress tensor, which is
represented by the term MijmΠm in Eq. (67) and involves the shear stiffness KS . In others words, a dependence on
space coordinates of the particle rotations is not taken into account in the prediction of the stress tensor. Although
this activates the sliding resistance at the surface of the particles as it can be seen in Fig. 1(a), it can be expected
that the absence of a derivative over space coordinates can lead to an inconsistent representation of the interaction
due to the activation of the sliding resistance by particle rotations, and thus, to inconsistent results as it will be
further discussed in the next section. On the opposite side, it is important to note that the couple stress tensor
µij for the interactions due to rolling resistance, i.e., involving GB , and due to twisting resistance, i.e., involving
GT contains a derivative over the space coordinates and remains the same in the Cosserat and in the second-order
gradient micropolar model. In the next section, a Cosserat model is used to predict the bulk mode propagation in
the FCC structure and is compared to the long wavelength approximations of the discrete model.
VI. DISPERSION RELATIONS OF THE BULK MODE PROPAGATING IN THE FCC STRUCTURE
USING THE COSSERAT MODEL: LIMITS OF THE MODEL
The dispersion relations of the bulk mode propagating in the FCC structure are predicted using the stress tensor
in Eq. (67) and the couple stress tensor in Eq. (68), which correspond to the Cosserat model. The wave propagation
is described by the equation of motion in translation
ρ
∂2ui
∂t2
=
∂σji
∂xj
= Cijkl
∂kl
∂xj
+Mjim
∂Πm
∂xj
, (70)
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where ρ = ηρb and η is the volume fraction of the structure, which is η = pi
√
2/6 ' 0.74 in the FCC structure. The
equation of rotational motion is
J
∂2wi
∂t2
=
∂µji
∂xj
+ εipqσpq
= Qjikl
∂2Πk
∂xj∂xl
+ Sjinml
∂2u[m,n]
∂xj∂xl
+ εipq(Cpqrsrs +MpqtΠt). (71)
where J =
√
2Ib/a
3 is the density of moment of inertia, which is deduced from the number n of beads in a cube with
an edge-length a4.
In order to evaluate Vcell, The number n of beads in a cube with an edge-length a is found from the volume fraction
η and the volume of one bead Vbead as
n = ηa3/Vbead =
√
2pia3/[6(4pi(a/2)3/3)] =
√
2, (72)
i.e., there are
√
2 beads in a cube of volume a3. In others words, the defined volume of the unit cell, which should
include 2 beads, is therefore Vcell = a
3
√
2.
By combination of Eqs. (5), (8) and (65), the components of the matrix CIJ , which gives the 36 independent constants
of the tensor Cijkl
40, in the FCC structure are
CIJ =

√
2(KN+KS)
a
KN−KS
a
√
2
KN−KS
a
√
2
0 0 0
KN−KS
a
√
2
5KN+3KS
2a
√
2
KN−KS
2a
√
2
0 0 0
KN−KS
a
√
2
KN−KS
2a
√
2
5KN+3KS
2a
√
2
0 0 0
0 0 0 KN+KS
a
√
2
0 0
0 0 0 0 KN+KS
a
√
2
0
0 0 0 0 0 KN+3KS
2a
√
2

, (73)
where (I, J) ∈ {11, 22, 33, 12, 13, 23}. By combination of Eqs. (5), (8) and (53), the component of the tensor Mijm
reduces to
Mijm = −εijm 2
√
2KS
a
. (74)
The tensors Qjikl and Sjinml are more complex and are predicted with the combination of Eqs. (5), (8) with (60)
and (62), respectively, see Sec. VI B.
A. Frictional case
In this section, a frictional assembly is considered. Thus, GT = GB = µij = 0 and the equation of rotational motion
reduces to
J
∂2wi
∂t2
= εipq(Cpqrsrs +MpqtΠt). (75)
Therefore, this case does not contain all the relative degrees of motion of the Cosserat model and can be called a
reduced Cosserat model41.
1. Longitudinal wave propagation in direction x1 = x
The axis perpendicular to the cubic layers is the four-fold axis of high symmetry. The calculations here consider
only plane wave propagation with the polarization of the wave being pure. Thus, without loss of generality, the
calculations do not require the use of scalar φ and vector ψ potentials such as u = ∇ · φ+∇∧ ψ40; it can be checked
that the use of these two potentials will lead to the same results. Writing the equations of motion (70) and (75)
considering that the only non-zero component of displacement is the component u1 gives
ρ
∂2u1
∂t2
= C11
∂2u1
∂x21
, J
∂2wi
∂t2
= 0. (76)
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As expected, there is no contribution of the rotational degrees of freedom in the case of a pure longitudinal wave
propagation. Considering a plane wave solution u1 = U1e
i(ωt−kxx), the dispersion relation for the longitudinal wave
is found
ωL =
√√
2(KN +KS)
aρ
kx =
√
6(KN +KS)
piaρb
kx, (77)
which is equal to the long wavelength approximation of the discrete model in Eq. (17). In order to compare the
prediction from the Cosserat model with the approximations of the discrete model, the continuum mass density ρ is
replaced by the mass density of the materials constituting the beads ρb and the volume fraction η.
2. Pure rotational wave propagation in direction x1 = x
Considering a pure rotational wave propagating along x1 direction, where u = 0, Eqs. (70) and (71) become
M1im
∂Πm
∂x1
= 0 ⇒ m = 1,
J
∂2w1
∂t2
= ε1jkMjk1Π1 = (M231 −M321)Π1 = −2M321Π1. (78)
where the index m of the particle spin Πm should be equal in both equations. With wi = Πi + Γi = Πi − εijku[j,k]/2
and u[j,k] = 0, Eq. (78) then becomes
J
∂2Π1
∂t2
= −4
√
2
a
KSΠ1, (79)
which is not an equation describing a wave propagation. With the plane wave substitution Π1 = P1e
i(ωt−kxx), the
dispersion relation for the pure rotational mode is found
ωR =
√
4
√
2
aJ
KS =
√
240KS
piρba3
, (80)
which corresponds to Eq. (20) only for kx = 0. This dispersion relation does not depend on k, the pure rotational
mode does not propagate in the x1 direction, which is a consequence of Eqs. (67) and (71). Since there is no derivative
over space coordinates in the rotational contribution to the shear displacement interaction in the stress tensor, there is
no propagation of pure rotational wave predicted in the frictional case when only this interaction is taken into account.
Thus, the plane wave substitution for the rotational motion in this case is questionable. The case of propagation of a
pure rotational wave in a noncohesive Cosserat medium clearly highlights the drawback of the Cosserat model, which
is an incomplete representation of the rotational interactions between the particles and, as a consequence, results to
an inconsistent prediction of the dispersion relation of bulk mode propagation.
3. Transverse-rotational and rotational-transverse wave propagation in direction x1 = x
The direction x1 is the direction of transverse isotropy in the FCC structure. The case of transverse waves needs
the consideration of either y or z components of the displacement. Considering the displacement component uy = u2,
the equation of motion for translation includes the elastic constant C44 (which is equal to the elastic constant C55 in
the case where the displacement component uz = u3 is considered). From the translational component 2 and the axis
of propagation 1, the component of the rotation direction should be 3 and the elements of Mijk involved are M213
and M123, the equation of motion for translation is then
ρ
∂2u2
∂t2
= C44
∂
∂x1
(12 + 21)−M213 ∂Π3
∂x1
, (81)
and the equation of motion for rotation becomes
J
∂2w3
∂t2
= ε312σ12 + ε321σ12 = −2M213Π3. (82)
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In the case of plane wave propagation along the x1 direction, i.e., ∂u1/∂x2 = 0, we can write
12 + 21 = ∂u2/∂x1,
w3 = Π3 + Γ3 = Π3 − ε312u[1,2]/2− ε321u[2,1]/2 = Π3 + 1
2
∂u2
∂x1
. (83)
Putting Eq. (83) in Eqs. (81) and (82), the equations of motion then read
ρ
∂2u2
∂t2
= C44
∂2u2
∂x21
−M213 ∂Π3
∂x1
, (84)
and,
J
(
∂2Π3
∂t2
+
1
2
∂2
∂t2
∂u2
∂x1
)
= −2M213Π3. (85)
After a plane wave substitution with u2 = U2e
i(wt−kxx) and Π3 = P3ei(wt−kxx), the following characteristic equation
is found
2ρJω4 − (JM213k2x + 2JC44k2x + 4ρM213)ω2 + 4M213C44k2x = 0. (86)
The roots of the characteristic equation give the dispersion relations of the TR and RT modes
ω2TR,RT =
2C44 +M213
4ρ
k2x +
M213
J
±
[(
2C44 +M213
4ρ
k2x +
M213
J
)2
−2M213C44
ρJ
k2x
] 1
2
=
3(KN + 3KS)
2piaρb
k2x +
120KS
piρba3
±
[(
3(KN + 3KS)
2piaρb
k2x +
120KS
piρba3
)2
−720(KN +KS)KS
pi2a4ρ2b
k2x
] 1
2
, (87)
where the minus and plus signs correspond to the TR and RT modes, respectively. These dispersion relations
corresponds to the ones of26 when the torque interactions are neglected (GB = GT = 0). A comparison of the
dispersion relations from the Cosserat theory with the ones from the discrete theory approximation is exposed in Fig.
6. In the limit kx → 0, the dispersion relation of the mode TR in Eq. (87) becomes
ωTR '
√
C44
ρ
kx =
√
3(KN +KS)
piaρb
kx, (88)
which does correspond to the long wavelength approximation of the discrete model in Eq. (18). This dispersion
relation also present a cutoff pulsation in the limit kx →∞
ωcTR = 2
√
M213C44
J(M213 + 2C44)
=
4
a
√
240(KN +KS)KS
piρba(KN + 3KS)
, (89)
which does not correspond to the one predicted by the discrete model. The cutoff frequency predicted by the Cosserat
theory does not result from the discrete nature of the material since only the first-order gradient is considered. Here,
the cutoff frequency is due to the mode repulsion with the rotational-transverse mode and is even larger than the
cutoff frequency of the longitudinal mode predicted by the discrete model. Therefore, the cutoff frequency predicted
by the Cosserat theory is not physically meaningful. For kx = 0 the angular pulsation of the rotational-transverse
mode is
ωRT (0) =
√
2M213
J
=
√
240KS
piρba3
, (90)
which corresponds to the one in the discrete model. In the limit kx → 0, the dispersion relation of the mode RT in
Eq. (87) becomes
ωRT '
√
2M213
J
(
1 +
J
8ρ
k2x
)
=
√
240KS
piρba3
(
1 +
a2
80
k2x
)
, (91)
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which does not correspond to the long wavelength approximation of the discrete model in Eq. (19). In the limit
kx →∞, the dispersion relation of the mode RT in Eq. (87) becomes
ωRT '
√
M213 + 2C44
2ρ
kx =
√
3(KN + 3KS)
piaρb
kx, (92)
which has no equivalent in the discrete model. Finally, in the Cosserat theory, the dispersion relation of the mode
RT is concave upward while it is concave downward in the discrete model as already noticed in4. The slope of the
mode RT is due to mode repulsion with the mode TR and is not physically meaningful. As a consequence, the cutoff
frequencies of wave propagation are not correctly predicted by the Cosserat model as well as the phase and group
velocities as it can be seen in Fig. 6.
In conclusion, the improvement of the Cosserat theory from the classical theory of elasticity is to predict the
existence of the rotational and rotational-transverse modes. But the Cosserat model is only able to predict the
angular frequency of these modes for k = 0. The Cosserat model is unable to predict correctly the dispersion relations
of these two new modes because the representation of the interaction due to the activation of the sliding resistance
by the particle rotations is inconsistent. The case of a rolling and twisting resistant assembly is now considered to
show that the Cosserat model suffers from the same drawback in this case.
FIG. 6. (Color online) Dispersion relations in the x direction of the FCC structure from the approximation of the discrete
model (red dashed lines), see Sec. III A, from the Cosserat model (blue lines), and the approximations for kx → 0 of the
Cosserat model for the modes TR and RT (blue dots). The angular frequencies are normalized with the cutoff frequency of the
longitudinal mode ωcL in Eq. (12). The parameter used here is ν = 0.3, i.e., ∆K ' 0.82.
B. Rolling and Twisting resistant case
The bulk mode propagation along the axis x = x1 is considered following the derivations in Sec. VI A. The dispersion
of the longitudinal wave remains unchanged since there is no rotational motion involved for this mode.
1. Pure rotational wave in direction x1 = x
Considering a pure rotational wave propagating along x1 direction, the equation of motion for rotation is
J
∂2w1
∂t2
= Q1111
∂2Π1
∂x21
+ ε1jkMjk1Π1 = Q1111
∂2Π1
∂x21
− 2M321Π1. (93)
With Q1111 =
√
2(GB +GT )/a, wi = Πi + Γi = Πi − εijku[j,k]/2 and u[j,k] = 0, Eq. (93) then read
J
∂2Π1
∂t2
= −4
√
2
a
KSΠ1 +
√
2
a
(GB +GT )
∂2Π1
∂x21
. (94)
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With the plane wave substitution Π1 = P1e
i(ωt−kxx), the dispersion relation for the pure rotational mode is found
ω2R =
4
√
2KS
aJ
+
√
2(GB +GT )
aJ
k2x =
240KS
piρba3
+
60(GB +GT )
piρba3
k2x. (95)
The Taylor expansion for kx → 0 is
ωR =
√
240KS
piρba3
(
1 +
GB +GT
8KS
k2x
)
(96)
which corresponds to the long wavelength approximation of the discrete model in Eq. (32) only when kx = 0.
Comparing Eqs. (32) and (96), the term depending on the stiffnesses GB and GT are equal. In contrast, the term
depending only on the stiffness KS and the wavenumber kx differs. Thus, the prediction from the Cosserat model
does not correspond to the approximate dispersion relation of the discrete model in Eq. (32).
2. Transverse-rotational and rotational-transverse wave in direction x1 = x
For the case of the wave involving the displacement u2 and the rotation Π3, the equation of motion for translation
is
ρ
∂2u2
∂t2
= C44
∂
∂x1
(21 + 12)−M213 ∂Π3
∂x1
. (97)
The equation of motion for rotation is
J
∂2w3
∂t2
= Q1331
∂2Π3
∂x21
+ S13121
∂2u[2,1]
∂x21
+ ε3jkσjk
= −2M213Π3 +Q1331 ∂
2Π3
∂x21
+ S13121
∂2u[2,1]
∂x21
,
(98)
with Q1331 = (GT + 3GB)/(a
√
2) and S13121 = (GT + 3GB)/(a
√
2). Putting Eq. (83) in Eqs. (97) and (98), the
equations of motion then read
ρ
∂2u2
∂t2
= C44
∂2u2
∂x21
−M213 ∂Π3
∂x1
, (99)
and
J
(
∂2Π3
∂t2
+
1
2
∂2
∂t2
∂u2
∂x1
)
= −2M213Π3 +Q1331 ∂
2Π3
∂x21
+
1
2
S13121
∂3u2
∂x31
. (100)
After a plane wave substitution with u2 = U2e
i(wt−kxx) and Π3 = P3ei(wt−kxx), the following characteristic equation
is found
2ρJω4 − (JM213k2x + 2JC44k2x + 4ρM213 + 2ρQ1331k2x)ω2
+ 4M213C44k
2
x + 2C44Q1331k
4
x +M213S13121k
4
x = 0. (101)
The roots of the characteristic equation give the dispersion relations of the TR and RT modes
ω2TR,RT =
(
2C44 +M213
4ρ
+
Q1331
2J
)
k2x +
M213
J
±
{[(
2C44 +M213
4ρ
+
Q1331
2J
)
k2x
+
M213
J
]2
−2M213C44
ρJ
k2x −
2C44Q1331 +M213S13123
2ρJ
k4x
} 1
2
=
3(KN + 3KS)
2piaρb
k2x +
15(3GB +GT )
piρba3
k2x +
120KS
piρba3
±
[(
3(KN + 3KS)
2piaρb
k2x +
15(3GB +GT )
piρba3
k2x +
120KS
piρba3
)2
−720(KN +KS)KS
pi2a4ρ2b
k2x − 90(3GB +GT )
KN + 3KS
pi2a4ρ2b
k4x
] 1
2
, (102)
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where the minus and plus signs correspond to the TR and RT modes, respectively. In the limit kx → 0, the dispersion
relation (102) for the mode TR becomes
ωTR '
√
C44
ρ
kx =
√
3(KN +KS)
piaρb
kx, (103)
which is equal to the long wavelength approximation of the discrete model in Eq. (30). For kx = 0 the angular
frequency of the rotational-transverse mode is
ωRT (0) =
√
2M213
J
=
√
240KS
piρba3
, (104)
which corresponds to the one of the discrete theory. In the limit kx → 0, the dispersion relation (102) for the mode
RT becomes
ωRT '
√
2M213
J
[
1 +
(
J
8ρ
+
Q1331
4M213
)
k2x
]
=
√
240KS
pia3ρb
[
1 +
(
a2
80
+
3GB +GT
16KS
)
k2x
]
, (105)
where, once again, the term depending on the stiffnesses GB and GT correspond to the one of the approximation of
the discrete mode in Eq. (31), whereas the terms depending only on KS and kx differ.
FIG. 7. (Color online) Dispersion relations in the x1 direction of the rolling and twisting resistant FCC structure from
the approximation of the discrete model (red dashed lines), see Sec. III B, the Cosserat model (blue continuous lines) and the
Cosserat model approximations (blue dots). The parameters here are ∆K = KS/KN ' 0.82 and a = 2 mm. (a) GB = KNa2/10
and GT = KSa
2/10. (b) GB = KNa
2 and GT = KSa
2. The cyclic frequencies are normalized with the cutoff frequency of the
longitudinal mode ωcL in Eq. (12).
In conclusion to the analysis in the rolling and twisting resistant case, the torque interactions, involving the bend-
ing stiffness GB and the twisting stiffness GT , are correctly represented by the Cosserat model in comparison of the
approximations of the discrete model. However, as it can be seen in Fig. 7, the dispersion curves predicted by the
Cosserat model still do not correspond to the ones of the discrete model approximation. The Cosserat model predicts
correctly only the cutoff frequencies of the rotational-related modes (R and RT) when the wavenumber is k = 0. The
phase and group velocities are therefore incorrectly predicted by the Cosserat model. The drawback of the Cosserat
modeling concerns therefore only the shear interaction between the beads, and more specifically the contribution of
the particle rotations to it.
To conclude the analysis of the Cosserat model, its drawback is identified. The interaction between the particles
related to the rotational contribution to the stress tensor is not correctly represented. This comes from the absence
of a derivatives over space coordinates in the term involving the particle rotation in the stress tensor, i.e., the term
involving Πi in Eq. (67).
This drawback can be overcome using the stress tensor resulting from the second-order gradient derivation, as done
below in the proposed enhanced micropolar model.
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VII. DISPERSION RELATIONS USING THE ENHANCED MICROPOLAR MODEL
In the stress tensor in Eq. (56), which is derived from the second-order gradient micropolar model, the rotational
contribution to the translational shear interaction between the particles is included in the terms depending on Mijm
and Pijmpq. For this interaction, derivatives over space coordinates are introduced through the term relative to the
elastic tensor Pijmpq. Nevertheless, the second-order gradient model introduces two other sixth order elastic tensors,
namely Eijklmn and Fijklmn. As a consequence, a continuum, even if isotropic, is described by a large number elastic
constants, which induces a complexity in the modeling that could be considered as disqualifying. Here, it is assumed
that the influence of the terms related to the tensors Eijklmn and Fijklmn is negligible at least for small wavenumbers
(or large wavelengths). These two tensors are thus set to zero in order to reduce the number of elastic constants
involved in the stress tensor, i.e., the stress tensor of the enhanced micropolar model is
σij = Cijklkl +MijmΠm + Pijmpq
∂2Πm
∂xp∂xq
, (106)
with a new elastic tensor, relative to Eq. (67), Pijmpq, which is defined in Eq. (55). The couple stress tensor remains
equal to the one in Eq. (64), which is the same as the couple stress tensor of the Cosserat model in Eq. (68), which is
µij = Qijkl
∂Πk
∂xl
+ Sijnml
∂u[m,n]
∂xl
(107)
Thus, the equation of motion in translation of the enhanced micropolar model is
ρ
∂2ui
∂t2
=
∂σji
∂xj
= Cijkl
∂kl
∂xj
+Mjim
∂Πm
∂xj
+ Pjimpq
∂3Πm
∂xp∂xq∂xj
, (108)
and the equation of motion in rotation is
J
∂2wi
∂t2
=
∂mji
∂xj
+ εipqσpq = Qjikl
∂2Πk
∂xj∂xl
+ Sjinml
∂2u[m,n]
∂xj∂xl
+εipq(Cpqrsrs +MpqtΠt + Ppqtuv
∂2Πt
∂xu∂xv
). (109)
The pure longitudinal wave dispersion relation will not be changed with this model since the rotational motion
has no influence on the propagation of this mode. Only the dispersion of the rotational, rotational-transverse and
transverse-rotational modes will be considered in the frictional, rolling and twisting resistant cases.
A. Frictional case
1. Pure rotational wave propagation
Corresponding to Sec. VI A 2 and the expression of the stress tensor in Eq. (106), the equation of motion for
rotation becomes
J
∂2Π1
∂t2
= ε1jk(Mjk1Π1 + Pjk111
∂2Π1
∂x21
),
= −2M321Π1 + (P23111 − P32111)∂
2Π1
∂x21
, (110)
which contains the derivatives over space coordinates of a wave equation. After a plane wave substitution Π1 =
P1e
i(ωt−kxx), the dispersion relation of the pure rotational wave is
ω2R = (2M321 + (P23111 − P32111)k2x)/J. (111)
After a Taylor expansion in the limit kx → 0, the dispersion relation becomes
ωR '
√
2M321
J
(
1 +
P23111 − P32111
4M321
k2x
)
. (112)
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From Eq. (55), Pij111 = εji1KSa/(4
√
2), Eq. (112) is then
ωR '
√
240KS
piρba3
(
1− 1
32
k2xa
2
)
, (113)
which is exactly the long wavelength approximation of the discrete theory in Eq. (20).
2. Transverse-rotational and rotational-transverse modes
Corresponding to Sec. VI A 3 and adding the new component of the stress tensor, the equations of motion (84) and
(85) then read
ρ
∂2u2
∂t2
= C44
∂2u2
∂x21
−M213 ∂Π3
∂x1
+ P12311
∂3Π3
∂x31
, (114)
and,
J
(
∂2Π3
∂t2
+
1
2
∂2
∂t2
∂u2
∂x1
)
= −2M213Π3 + (P12311 − P21311)∂
2Π3
∂x21
. (115)
After a plane wave substitution with u2 = U2e
i(wt−kxx) and Π3 = P3ei(wt−kxx), the following characteristic equation
is found
2ρJω4 − [4ρM213 + JM213k2x + 2JC44k2x − 2ρ(P21311 − P12311)k2x + JP12311k4x]ω2
+4M213C44k
2
x + 2C44(P12311 − P21311)k4x = 0. (116)
The roots of the characteristic equation give the dispersion relation of the TR and RT mode
ω2TR,RT =
M213
J
+
(
M213 + 2C44
4ρ
− P21311 − P12311
2J
)
k2x +
P12311
4ρ
k4x
±
{[
M213
J
+
(
M213k
2 + 2C44
4ρ
− P21311 − P12311
2J
)
k2x +
P12311
4ρ
k4x
]2
− 2M213k
2
x + (P12311 − P21311)k4x
ρJ
C44
} 1
2
, (117)
where the minus and plus signs corresponds to the TR and RT modes, respectively. From Eq. (55), P12311 =
−√2KSa/4 and P21311 =
√
2KSa/8, the dispersion relations become
ω2TR,RT =
120KS
piρba3
+
(6KN − 27KS)k2x
4piρba
− 3KSk
4
xa
8piρb
±
[(
120KS
piρba3
+
(6KN − 27KS)k2x
4piρba
−3KSk
4
xa
8piρb
)2
+
(KN +KS)KS
pi2a2ρ2b
(
145k4x
2
− 720k
2
x
a2
)] 1
2
. (118)
In the limit kx → 0, the dispersion relations (118) become for the mode TR
ωTR '
√
C44
ρ
kx =
√
3(KN +KS)
piaρb
kx, (119)
and for the mode RT
ωRT '
√
2M213
J
[
1 +
(
J
8ρ
+
P12311 − P21311
4M213
)
k2x
]
=
√
240KS
piρba3
(
1− 11
320
k2xa
2
)
, (120)
which are exactly the long wavelength approximation of the discrete theory in Eqs. (18) and (19), respectively.
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B. Rolling and twisting resistant case
1. Pure rotational wave propagation
Considering Sec. VI B 1 and applying the enhanced micropolar model, the equation of motion for rotation becomes
J
∂2Π1
∂t2
= Q1111
∂2Π1
∂x21
− 2M321Π1 + (P23111 − P32111)∂
2Π1
∂x21
. (121)
The corresponding dispersion relation is
ω2R =
2M321
J
+
P23111 − P32111 +Q1111
J
k2x
=
240KS
piρba
− 15KS
piρba
k2x + 60
GB +GT
piρba3
k2x. (122)
From a Taylor expansion for kx → 0, it becomes
ωR '
√
2M321
J
(
1 +
P23111 − P23111 +Q1111
4M321
k2x
)
=
√
240KS
piρBa3
(
1− a
2
32
k2x +
GB +GT
8KS
k2x
)
, (123)
which is exactly the long wavelength approximation of the discrete model in Eq. (32).
C. Transverse-rotational and rotational-transverse modes
Considering Sec. VI B 2 and applying the enhanced micropolar model, the equation of motion for translation is
ρ
∂2u2
∂t2
= C44
∂2u2
∂x21
−M213 ∂Π3
∂x1
+ P12311
∂3Π3
∂x31
. (124)
The equation of motion for rotation is
J
(
∂2Π3
∂t2
+
1
2
∂2
∂t2
∂u2
∂x1
)
= −2M213Π2 +Q1331 ∂
2Π3
∂x21
+
1
2
S13121
∂3u2
∂x31
+ (P12311 − P21311)∂
2Π3
∂x21
. (125)
The corresponding characteristic equation is
2ρJω4 − [JM213k2x + 2JC44k2x + 4ρM213 + 2ρQ1331k2x − 2ρ(P21311 − P12311)k2x + JP12311k4x]ω2
+4M213C44k
2
x + 2C44Q1331k
4
x +M213S13121k
4
x + 2C44(P12311 − P21311)k4x = 0. (126)
The roots of the characteristic equation give the dispersion relations of the TR and RT modes
ω2TR,RT =
(
2C44 +M213
4ρ
+
Q1331
2J
− P21311 − P12311
2J
)
k2x +
P12311
4ρ
k4x +
M213
J
±
{[(
2C44 +M213
4ρ
+
Q1331
2J
− P21311 − P12311
2J
)
k2x +
P12311
4ρ
k4x +
M213
J
]2
− 2M213C44
ρJ
k2x +
[
2C44(P12311 − P21311 −Q1331) +M213S13121
2ρJ
]
k4x
} 1
2
=
3(2KN − 9KS)
4piaρb
k2x +
15(3GB +GT )
piρba3
k2x −
3KSa
8piρb
k4x +
120KS
piρba3
±
[(
3(2KN − 9KS)
4piaρb
k2x +
15(3GB +GT )
piρba3
k2x −
3KSa
8piρb
k4x +
120KS
piρba3
)2
− (KN +KS)KS
pi2a4ρ2b
(
145k4x
2
− 720k
2
x
a2
)
−90(3GB +GT )KN + 3KS
pi2a4ρ2b
k4x
] 1
2
,
(127)
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where the minus and plus signs corresponds to the TR and RT modes, respectively. In the limit of small wavenumber
kx → 0, the dispersion relation (127) for the mode TR becomes
ωTR ' C44
ρ
kx =
√
3(KN +KS)
piaρb
kx, (128)
which is exactly the long wavelength approximation in Eq. (30). In the limit of small wavenumber kx → 0, the
dispersion relation (127) for the mode RT becomes
ωRT '
√
2M213
J
[
1 +
(
J
8ρ
+
Q1331 + P12311 − P21311
4M213
)
k2x
]
=
√
240KS
pia3ρb
[
1 +
(
3GB +GT
16KS
− 11
320
a2
)
k2x
]
, (129)
which is exactly the long wavelength approximation of the discrete model in Eq. (31).
The equality between Eqs. (20) and (113), (18) and (119), (19) and (120), (32) and (123), (30) and (128), (31)
and (129) demonstrates that the proposed enhanced micropolar model is a correct description of the long wavelength
propagation in a medium accounting for all the rotational degrees of freedom of each particle. The rotational contri-
bution to shear displacement interaction is here correctly modeled with a minimal number of elastic constants needed
for a correct description of all the interactions between the particles.
VIII. CONCLUSION
The dispersion relations of the bulk modes propagating in a face-centered cubic assembly of monodisperse beads
have been theoretically evaluated using three different models.
First, the discrete theory, which takes into account all the translational and rotational degrees of freedom of each
individual particle, is derived and its approximations for long wavelength are used as references. The constitutive
stress and couple stress tensors are derived from the force-displacement and torque-rotation relations of the discrete
model through the gradient expansion in particle displacements and rotations, which transform the discrete degrees
of freedom into continuum field variables. From this, the stress and couple stress tensors of the Cosserat model and
second-order gradient micropolar model are derived.
Second, the drawbacks of the Cosserat model are exposed through a direct comparison with the long wavelength
approximation of the discrete model, which indicates that one of the interactions between the particles due to rotations
is not correctly described. This is the rotational contribution to the shear displacement, which involves the sliding
resistance at the surface of the beads.
Third, it is demonstrated that the limit of the Cosserat model can be overcome using only one of the additional elastic
tensors of the second-order gradient micropolar model; this defines a new model which is called enhanced micropolar
model. The long wavelength approximations of the discrete and enhanced micropolar model are exactly equal. The
enhanced micropolar model correctly models a granular assembly involving the minimum number of elastic constants
possible. The study of perfect crystalline structure is a necessary step to develop a continuum model since a direct
comparison with the discrete model is possible only in this case.
For disordered systems, only long wavelength waves propagate, so that the present enhanced micropolar model might
suffice to describe this case. This work thus contributes to a better modeling of the elastic behavior of realisitic,
disordered granular assemblies. It should be possible to compare the simple model also to experimental data and to
simulations using small polydispersity.
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